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Elastic Scattering

Incident plane wave Scattered plane wave
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Elastic Scattering

Incident plane wave Scattered plane wave
~ki
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Elastic Scattering

X-rays

interact with :

e- charge  
e- spin  

e- orbital momentum

Neutron

interact with :

nucleus 
e- spin  

e- orbital momentum



Why Inelastic Scattering ?

❖ Dynamical aspects are responsible for some properties 
(thermal conductivity etc…)

❖ Gives access  to  Hamiltonian parameters  and why the 
ground state is stable
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Momentum conservation
❖ For both neutron and X rays, the momentum writes :

❖ The wave vector (transferred momentum to the sample) thus writes  
 
 
 
Note that

~p = ~~k

~q = ~ki � ~kf

~qinelastic = �~qelastic
<latexit sha1_base64="uwWbkS4o9tG03V3oKGbOLsZsypw="></latexit>

ki 

kf q

qelastic



Momentum conservation
❖ Minimum value of wave vector ki 

kf 

q
~qmin = (ki � kf )eki =

!=0
~0



Momentum conservation
❖ Minimum value of wave vector 

❖ Maximum value of wave vector

~qmin = (ki � kf )eki =
!=0

~0

ki kf 

q~qmax = (ki + kf )eki =
!=0

2~ki



Momentum conservation
❖ Minimum value of wave vector 

❖ Maximum value of wave vector

❖ Visible photons (λ=500nm, ħω=2.5 eV) : 

❖ X-rays photons (λ=14Å, ħω=900 eV) : 

❖ Neutrons (λ=2.36Å, ħω=15 meV) : 

❖ Typical Brillouin zone (a=5Å) : 

~qmin = (ki � kf )eki =
!=0

~0

~qmax = (ki + kf )eki =
!=0

2~ki

|~ki| = 10�3Å�1
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Energy conservation
❖ Energy for neutrons writes :

❖ Energy transferred to the sample by a neutron thus writes :

❖ Energy for photons writes : 

❖ Energy transferred to the sample by a photon thus writes :

~!i =
p2i
2m

=
~2k2i
2m

~! = ~!i � ~!f =
~2
2m

(k2i � k2f )

~!i = pic = ~cki

~! = ~!i � ~!f = ~c(ki � kf )

ħωi 

ħωf 
ħω



Energy conservation

Phonon

e—h excitation

Crystal Field

Magnon



Energy conservation

Excitation Crystal Field Magnon Phonon d-d & e--h Plasmon Core hole

Energy ~ 1 meV ~ 10 meV 10-100 meV ~1 eV ~ 10 eV 0.1 - 100 keV



Energy conservation

Excitation Crystal Field Magnon Phonon d-d & e--h Plasmon Core hole

Energy ~ 1 meV ~ 10 meV 10-100 meV ~1 eV ~ 10 eV 0.1 - 100 keV

Technique Brillouin Raman Neutron 
Scattering Infrared IXS RIXS

Probe Photon
(Visible)

Photon
(Visible) Neutron Photon Photon

(X-ray)
Photon
(X-ray)

Particule 
Energy ~1 eV ~1 eV 1 - 150 meV 1 - 100 meV ~10 keV 0.5 - 100 keV

Transfered 
Energy 0.01 - 1 meV 1 - 1000 meV 0.1 - 100 meV 1 - 100 meV 1 - 400 meV -



Energy & Momentum
❖ For local excitations such as Crystal Field or Ising-like excitations, the 

energy does not depend on the transferred momentum : 

❖ However, some excitations has a momentum-dependent energy. Both 
parameters are no longer independent : they are connected through 
the dispersion relation : 

❖ This is the case for collective excitations such as magnons, phonons …

!(~q)

!(~q) = !0



Energy & Momentum

Excitation Crystal Field Magnon Phonon d-d & e--h Plasmon Core hole

Energy ~ 1 meV ~ 10 meV 10-100 meV ~1 eV ~ 10 eV 0.1 - 100 keV
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Energy & Momentum
❖ The combination of momentum and energy conservation results in 

a  restriction of  the ω-q  space reachable,  known as the kinematic 
limit.

ki -kf 
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Energy & Momentum
❖ The combination of momentum and energy conservation results in 

a  restriction of  the ω-q  space reachable,  known as the kinematic 
limit. For neutrons :

q =

s

2k2i �
2m!

~ � 2ki

r
k2i �

2m!

~ cos(2✓)

~q = ~ki � ~kf

! =
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2m
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Energy & Momentum
❖ The combination of momentum and energy conservation results in 

a  restriction of  the ω-q  space reachable,  known as the kinematic 
limit. For neutrons :

q =

s

2k2i �
2m!

~ � 2ki

r
k2i �

2m!

~ cos(2✓)

~q = ~ki � ~kf

! =
~2
2m

(k2i � k2f )

ki -kf 

q



Energy & Momentum
❖ Kinematic limit for X-rays : 

❖ Since                                                     , kinematic limit is equivalent to 
momentum conservation 

! = ~c(ki � kf )

~q = ~ki � ~kf

q =

r
!2

c2
+ 2k2i (1� cos(2✓))� 2ki!

c
(1 + cos(2✓))

! << cki ) q ⇡
p

1� cos(2✓)ki



Spin Angular Momentum
❖ Neutron spin angular momentum :

❖ Restricts accessible excitations to :  
 
              and �S = 0 �S = 1

Sz = ±~
2
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Inelastic Neutron Scattering
❖ Interaction neutron-nucleus : 

❖         : neutron mass

❖     : neutron scattering length of a nucleus : can be negative, complex 
and is isotope sensitive.

V(~r) = 2⇡~2
mn

b�(~r � ~R)

mn
<latexit sha1_base64="vpx3jLb5n4lScSihcrPWatUiVTk="></latexit>

b
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Inelastic Neutron Scattering
❖ Elastic cross section is proportional to structure factor

❖ For inelastic cross section, one has to consider moving atoms : 

❖ So cross section writes :

@2�

@⌦@!
=

kf
ki

S( ~Q,!)
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�i~Q.~rj

<latexit sha1_base64="yf1m2Ow28D4oRvNSiXCcDOobVm0="></latexit>

@�

@⌦
=

kf
ki

���F ( ~Q)
���
2

<latexit sha1_base64="Fj+OTsb/O1CpMbTFJFL+oEO+phI="></latexit>

!27



❖ Let’s consider a collective displacement     in a crystal with only one 
atom     :

❖ Atomic displacement of atom     for this phonon mode     writes :

Inelastic Neutron Scattering

~ua,p(t) =

s
~

ma!p(~q)
e(i

~Q.~ra�!pt)~̃ua,p

p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y="></latexit>
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Inelastic Neutron Scattering
@2�
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= N
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!29



Inelastic Neutron Scattering
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Elastic cross section

Inelastic cross section

!30



Inelastic Neutron Scattering
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Inelastic Neutron Scattering
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Inelastic Neutron Scattering

Energy conservation term
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Inelastic Neutron Scattering

Energy conservation : creation process
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Inelastic Neutron Scattering

Energy conservation : annihilation process
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Inelastic Neutron Scattering

ki 

kf q

ki 

kf q

nB(!, T ) =
1

e
~!

kBT � 1
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Detailed Balance Factor
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Inelastic Neutron Scattering
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Phononic term
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Inelastic Neutron Scattering
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❖ Sensitive to displacement along

❖ Proportional to

~Q
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Inelastic Neutron Scattering
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Inelastic Neutron Scattering
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Inelastic Neutron Scattering
❖ Interaction neutron-magnetic moment  : 

❖                   : electron magnetic moment operator

❖                       : neutron magnetic moment operator

V(~r) = �~µn.
µ0

4⇡

✓
~rot

✓
~µe ^ ~r

r3

◆
� 2µB

~
~p ^ ~r

r3

◆

~µe = 2µB
~S

~µn = ��µN~�

V(~r) = �~µn. ~rot( ~rot

✓
µS
e + µL

e

r

◆
)
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Inelastic Neutron Scattering
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❖ For a ferromagnet, the cross section writes :
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❖ For a ferromagnet, the cross section writes :

❖ Elastic intensity is sensitive to the magnetic moment perpendicular 
to ~Q
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❖ For a ferromagnet, the cross section writes :

❖ Elastic intensity is sensitive to the magnetic moment perpendicular 
to 

❖ Elastic intensity is proportional to the square of the moment 
amplitude

~Q
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❖ For a ferromagnet, the cross section writes :

❖ Inelastic intensity is sensitive to the magnetic moment parallel to ~Q
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❖ For a ferromagnet, the cross section writes :

❖ Inelastic intensity is sensitive to the magnetic moment parallel to 

❖ Inelastic intensity is linear in moment amplitude

~Q
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Discriminating between phonon and magnon

And Polarized Inelastic Neutron Scattering…

Phonon Magnon

Intensity proportional to Q2 Intensity decreases with Q  
(magnetic form factor)

Always present
Appears in ordered phase

T<TC
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❖ 1 General concepts  
     From elastic to inelastic scattering  
     Conservation laws and consequences

❖ 2 Inelastic Neutron Scattering  
     Nuclear Interaction  
     Magnetic Interaction

❖ 3 Inelastic X-ray Scattering



Inelastic X-ray Scattering
❖ Interaction X-ray-electron : 

❖         : electron mass

V(~r) = q

mec
~p. ~A(~r) +

q2

mec2
~A2

me
<latexit sha1_base64="YZjISkqWni5tdtFSxv+JhHvWxGE="></latexit>
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Inelastic X-ray Scattering
❖ Elastic cross section is proportional to structure factor

❖ For inelastic cross section, one has to consider moving atoms : 

❖ So cross section writes :

~Ra(t) = ~Rc + ~ra + ~ua(t)

F ( ~Q) =
X

j

fj( ~Q)e�i~Q.~rj
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f( ~Q) =

Z
⇢(~r)ei

~Q.~rd3~r

f( ~Q = ~0) = Z

Atomic form factor

!56



Inelastic X-ray Scattering
❖ Elastic cross section is proportional to structure factor

❖ For inelastic cross section, one has to consider moving atoms : 

❖ So cross section writes :

~Ra(t) = ~Rc + ~ra + ~ua(t)

F ( ~Q) =
X

j

fj( ~Q)e�i~Q.~rj
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❖ Polarization in the scattering plane : 

❖ Polarization perpendicular to the scattering plane : 

❖ Unpolarized beam : 

Inelastic X-ray Scattering
Polarization factor

|~✏i.~✏f |2 = cos(2✓)

|~✏i.~✏f |2 =
1 + cos2(2✓)

2

|~✏i.~✏f |2 = 1
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Figure 1 compares data with calculations, demonstrating the presence of the 2-phonon 
contribution. The data was measured at BL35XU [18] of SPring-8 using 6 meV 
resolution at 15.816 keV (Si (888) reflection).  The sample was a small c-axis normal 
platelet of MgB2 about 0.2 x 0.4 x 0.05 mm3 grown as described in [19], and held in 
vacuum at room temperature.  The geometry, nearly purely longitudinal along ΓA, 
has been chosen so that only two strong phonons are present.   The solid lines are 
calculations using eqns. 1 and 2 with the phonon mode energies and eigenvectors 
determined from the force-constant matrix of the ab-initio LDA calculations and 
convolved with the resolution of the spectrometer.  It is worth emphasizing that, while 
there is an over-all scale factor that has been chosen to get good agreement between 
the calculation and the data, the relative intensity of the one and 2-phonon 
contributions is not free, being fixed by eqns 1 and 2.  One can immediately see that 
the peak in the data at 67 meV, which is not present in the 1-phonon calculation, is 
well described in both intensity and position by the 2-phonon calculation.   Figure 1b 
then shows a fit to the data, including the 1-phonon lines expected from the ab-initio 
calculation (but allowed to shift to match the data) and the 2-phonon contribution 
directly seen in 2b, and some elastic background.  The intensity of the 2-phonon term 
has been fixed to a constant fraction of the 1-phonon intensity as given by the 
calculation used in Fig. 1a.  The agreement is seen to be excellent [20].  
 
The strong 2-phonon contribution at ~67 meV is due to simultaneous excitation of 
two acoustic phonon modes (the S++ term in eqn. 2).  In Fig. 2 we plot the evolution 
of the 2-phonon component in two symmetry directions, along ΓA and along ΓM.  In 
both cases, the predominant intensity is in the region from 60 to 75 meV energy 
transfer, due to simultaneous excitation of two acoustic modes.  This is not surprising 
as acoustic eigenvectors generally follow the simplest phase relationship and allow 
the largest dot-product with the momentum transfer.   Optic modes involve out-of-
phase motions of atoms in the cell, and, by virtue of cancellation of terms in the sum 

Fig. 1.  Comparison of data and calculation.  In (a) the ab-initio results   for 
the one and 2-phonon contributions are shown, while (b) shows a fit with the 
1-phonon energies allowed to shift, but the 2-phonon contribution held in 
fixed ratio to the 1-phonon one.  See text. 

 6 

We now consider the spectra along Γ-M in a purely longitudinal geometry. This is the 
region where one can expect the E2g mode to contribute: as one moves from the outer 
part of the Brillouin zone, M, toward Γ, within the plane, the E2g mode both strongly 
softens, in analogy with a Kohn anomaly, and broadens, approximately in agreement 
with calculations [6].  Figure (3a) shows the results of direct calculation based on the 
ab-inito model, including convolution of a Lorentzian to approximate the 
experimental resolution. It is clear that modeling the spectrum by just 1-phonon 
modes would lead to a fit that would tend to over-estimate the width of the E2g mode, 
especially as the fit would allow the amplitude of the low-energy (55 meV) mode to 
be free.   Fits to the data are shown in figure 3b.  The procedure was the same as for 
Fig. (1b) and good fits were obtained, with the new linewidth parameters plotted in 
Fig. 4 along with the calculation and the results from [6].  In particular, the 
experimental estimate at 0.45Å-1 is now in much better agreement with calculation. 
We also note a general trend toward a measured linewidth larger than calculation at 
small momentum transfers.  Here we do not comment further, but suggest additional 
data with improved energy resolution is needed to determine the linewidth accurately.  
The 2-phonon contribution might also partially account for the difference between the 

Fig. 3.  Spectra along Γ-M.    Note the 2-phonon contribution (black) is not 
negligible as compared to the E2g mode (green).  Pure calculation is shown 
in (a) at (2.19 0 0) while data with fits are shown in (b). See text for details.   
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Inelastic X-ray Scattering
INS IXS

Strong ω-Q correlation :  
Kinematic limit

No ω-Q correlation :  
No kinematic limitation

No polarization factor Polarization factor :          .
Intensity ~ b2 Intensity ~ Z2

Incoherent Scattering No incoherent Scattering
Bulk measurement Strong absorption ~ λ3Z4

Large beam ~ cm Small beam ~ 100 µm
Resolution down to 0.1 meV Resolution ~ 1 meV

|~✏i.~✏f |2



The end…


