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Elastic Scattering

Incident plane wave Scattered plane wave
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Elastic Scattering

Wave vector

—

§=kys —k

Incident plane wave Scattered plane wave

ky




Elastic Scattering

X-rays Neutron
interact with : interact with :
e charge nucleus
e spin e spin

e- orbital momentum e- orbital momentum



Why Inelastic Scattering ?

* Dynamical aspects are responsible for some properties
(thermal conductivity etc...)

« Gives access to Hamiltonian parameters and why the
ground state 1s stable
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Momentum conservation

* For both neutron and X rays, the momentum writes :

—

7= hk

* The wave vector (transferred momentum to the sample) thus writes
q= ki —ky

! . (elastic
Note that Qinelastic = —Gelastic




Momentum conservation

* Minimum value of wave vector k

Gin = (ki —kp)ki = 0



Momentum conservation

* Minimum value of wave vector k 1tk

Tmin = (ks —kp)k; = 0

w=0

“ Maximum value of wave vector

~

T — v o v q

w=0



Momentum conservation

“ Minimum value of wave vector

Jmin:(ki_kf)];ﬁ o 6

w=0

“ Maximum value of wave vector

~

q_)maa: A (kz r kf)kz :O QEZ

“ Visible photons (A=500nm, hw=2.5 eV): k;| = 107347
* X-rays photons (A=14A, hw=900 eV) : \Ez! =141
# Neutrons (A=2.36A, hw=15 meV) : \EZ\ = 147"t

+ Typical Brillouin zone (a=5A) : |g;| = 147"



Energy conservation

* Energy for neutrons writes :

2 T
hwi — pi = h ]{72
2m 2m
* Energy transferred to the sample by a neutron thus writes :
h2 2 2
hw—hwi_hwf_%(ki — k%) hwi
* Energy for photons writes :
h(x) h 00
hwz- — P;C = thz f

* Energy transferred to the sample by a photon thus writes :

008) = el = el — Ty — )



Energy conservation
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Energy conservation
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Technique

Particule
Energy

Transfered
Energy

Excitation

Energy conservation

Brillouin

Photon
(Visible)

0.01 -1 meV

Crystal Field

Photon
(Visible)

1-1000 meV

Neutron
Scattering

0.1 -100 meV

10-100 meV

Infrared

1-100 meV

(X-ray)

1-400 meV

Plasmon

(X-ray)

Core hole

0.1-100 keV




Energy & Momentum

* For local excitations such as Crystal Field or Ising-like excitations, the
energy does not depend on the transferred momentum :

w(q) = wo

* However, some excitations has a momentum-dependent energy. Both
parameters are no longer independent : they are connected through
the dispersion relation :

w(q)

« This is the case for collective excitations such as magnons, phonons ...



Energy & Momentum
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Energy & Momentum
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Energy & Momentum

* The combination of momentum and energy conservation results in
a restriction of the w-q space reachable, known as the kinematic
limit.
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* The combination of momentum and energy conservation results in
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Energy & Momentum

* The combination of momentum and energy conservation results in

a restriction of the w-q space reachable, known as the kinematic
limit. For neutrons :

ki=2 6627 ‘ ki=2.662A"

a0

q -
q=k;— kg & F
C, 0

h? -k\y ! =
w=—(k? — k) f o)
2m " i/ |

2 2
qg=1\/2k? — il 2]@@\/]@%2 — ngwcos(%)

1) <




Energy & Momentum

* The combination of momentum and energy conservation results in
a restriction of the w-q space reachable, known as the kinematic
limit. For neutrons : ' '

k=1.570A"

08 1.0 1.2 14 1l

q (A



Energy & Momentum

» Kinematic limit for X-rays:

qg=Fk; —ky
= 0O e
2 |
q = w_2 + 2k2(1 — cos(260)) — gt (1 4+ cos(20))
c c

* Since w << ck; = q=~ /1 — cos(20)k; , kinematic limit is equivalent to
momentum conservation



Spin Angular Momentum

* Neutron spin angular momentum :

h
z:j:_
2 2

+ Restricts accessible excitations to :

AS=0 and AS=1
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Inelastic Neutron Scattering

2 h?

ez

—

+ Interaction neutron-nucleus : V(7

bo(7 — R)

7/

“ My, :neutron mass

“ b : neutron scattering length of a nucleus : can be negative, complex
and is isotope sensitive.
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Inelastic Neutron Scattering

“ Elastic cross section is proportional to structure factor

6’0_@ 2

30 "k F(Q)

F(Q_’) By Z bje—z'Q.'r_}
J

* For inelastic cross section, one has to consider moving atoms :

— —

Ry(t) = Re + Ty + ty(t)

+* S0 cross section writes :

S(Q,w) = Y bayba, / (79 (Rea (= Rey (1)) g =8t gy

27



Inelastic Neutron Scattering

* Let’s consider a collective displacement p in a crystal with only one
atom a :

oo 0o|o/elelo|o|0

Ro(t) = Re + 7y + @a(t) ®

@
R.

* Atomic displacement of atom @ for this phonon mode p writes :

h o K = —
T = \/ ST g

28



Inelastic Neutron Scattering

2
2 3 =
0“o N(27T) Z 50— G) Zbae_W“eiQ'T“

GERS %

k (2 h W, iQ.Fo (A 7
= 25 e :S;\/mawp@”“e )

X (1 + nB(wp(ff) T))o(w = wp(q)) +nB(wp(q), T)o(w + wp(q))]

20




Inelastic Neutron Scattering

Elastic cross section

Inelastic cross section

30



Inelastic Neutron Scattering

X [(T+np(wp(9), T))0(w — wp(q) + 15 (wp(q), T)d(w + wp(q))]

Inelastic Structure Factor

31



Inelastic Neutron Scattering

2

0? 273 By o
8ng - ! ”Uo) 0(Q —G) Ea: bz@"“a Debye-Waller Factor

GeRS
kg (27)° :
i 3 _ =2 A @F ~
Q) —qg— G
” ki v CTEZBZ (@=q );}; 51\/mawp (9) . Qe

X |1+ np(wp(q), T))d(w — wp(q)) + np(wp(q), T)d(w + wp(q))]
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Inelastic Neutron Scattering

k (2 o h — iQ.Fu (7
o Za@ o YS\/Tnawxcz>”“e e

(1 + ??/B(wp@a T))0(w — wp(q)) + np(wp(q), T)o(w + wp(q))]

Energy conservation term

95




Inelastic Neutron Scattering

k(2 e ke
f ) 2562 q — YY\/mawpcj) Cla(@lT, )

< (1 + nB(wp(CDa T))d(w — wp(@)ft+15(wp(q), T)O(w + wp(q))]
Energy conservation : creation process
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Inelastic Neutron Scattering

k(2 e ke
f ) 2562 q — YY\/mawpcj) Cla(@lT, )

< [(1+ nB(wp(CDa T))o(w — wp(q)) Hnp(wp(q), T)d(w + wy(q))
Energy conservation : annihilation process
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Inelastic Neutron Scattering
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Detailed Balance Factor
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eIl

S~ :!0 1 1 ! |
~ s FOUK — FOUK —_—
TE dal 100K M— m‘m—/
S 3
S| @

k L 2 k

] — 2 29k = 1
o | 1
< Vo) B
A 3
b \‘
3 0
- om m . oy 20 0 10 20 k
q_ Encregy imeV) Encrgy (mcV) (l ’ &

36




Inelastic Neutron Scattering

Phononic term

57



Inelastic Neutron Scattering

k (2 S s h W, Q.7 kA 7
f ) Z 0(Q — q— Y :\/mawp(q_)bae Wa i@ N @

(14 nB(wp(CD; T))0(w = wp(q)) + nB(wp(q), T)o(w + wp(q))]

« Sensitive to displacement along ()

¢+ Proportional to ()*
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Inelastic Neutron Scattering

k (27)° = h e
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https://fr.wikipedia.org/wiki/Pi_(lettre_grecque)
https://fr.wikipedia.org/wiki/Pi_(lettre_grecque)

Inelastic Neutron Scattering
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Inelastic Neutron Scattering

* Interaction neutron-magnetic moment :

S e e e N 2uB pPAT
V(fr)——,un.E (’rot( 3 )— - 7“3)

* i =2upS : electron magnetic moment operator

—

* pn = —yund :neutron magnetic moment operator

S L
e (“6 IR >)
.

42



Inelastic Neutron Scattering

Elastic
cross section

Inelastic cross section

43



Inelastic Neutron Scattering
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Inelastic Neutron Scattering
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Inelastic Neutron Scattering

* For a ferromagnet, the cross section writes :

Q
GeRS
2\ 2 . .
+ 2 ()2 (1 +(%) ) 1@ Y@ -q-0
1 é,g’

46



Inelastic Neutron Scattering

* For a ferromagnet, the cross section writes :

%o k AN S 2 i
90 w = k_];(’er)2S2 (1 o (%) ) ‘f(Q)e_W‘ ézsé(Q = G)5(w)
€ER

= %(77“0)25 (1 + <%)2> ‘f@)e_wr 22T )

X [(1+np(wp(q), T))o(w — wp(q)) + np(wp(q), T)o(w + wy(q))]

« Elastic intensity is sensitive to the magnetic moment perpendicular

toé
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Inelastic Neutron Scattering

* For a ferromagnet, the cross section writes :
_ Ky 2 Q” ; 3 Y (]
TR (1 = (5> ) 7@ ‘ Z Sl
L _, -
+ 2L (mo)? s<1+( ))\f V| G -7-0
(] C—;’ q_,

< [(1+np(wp(@), T))o(w — wp(q)) + np(wp(q), T)o(w + wy(q)),
« Elastic intensity is sensitive to the magnetic moment perpendicular

to@

« Elastic intensity is proportional to the square of the moment
amplitude

48



Inelastic Neutron Scattering

* For a ferromagnet, the cross section writes :

@fgw = Z—f(vrofsz (1 — (%>2> (f(@)e—w\2 D 4@ -G)w)

GERS

B SN W r5y-w [ ST R
s 1+ (G ) W@ ™| X a@-a-a)
G.q

X [(1+np(wp(q), T))o(w — wp(q)) + np(wp(q), T)o(w + wy(q))]

* Inelastic intensity is sensitive to the magnetic moment parallel to Q

49



Inelastic Neutron Scattering

* For a ferromagnet, the cross section writes :

820' = kf Qz £ = =i 2 = —
900w k_i(’er)2S2 (1 o (5) ) ‘f(Q)e ‘ Gz];Sé(Q 3 G)é(w)
c
+ ﬁ(w )1 + (@)2> ‘f(Q)e_W‘Q > 5(Q—-7-G)
AL 0 é q
G,q

X [(1+np(wp(q), T))o(w — wp(q)) + np(wp(q), T)o(w + wy(q))]

* Inelastic intensity is sensitive to the magnetic moment parallel to Q

“ Inelastic intensity is linear in moment amplitude

50



Inelastic Neutron Scatterin
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Inelastic Neutron Scattering

Discriminating between phonon and magnon

Phonon Magnon

Intensity decreases with Q
(magnetic form factor)

Appears in ordered phase

Intensity proportional to Q2

Always present

T<TC

And Polarized Inelastic Neutron Scattering...

o2
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Inelastic X-ray Scattering

“ Interaction X-ray-electron :

> Me : electron mass

54



Inelastic X-ray Scattering

“ Elastic cross section is proportional to structure factor

80' k e ~ |2 — =0 _.5 .~
5= o lagl |FQ|  F@)=Y1H@p 97

J

* For inelastic cross section, one has to consider moving atoms :

— —

Ro(t) = Re + 7o + tg(t)

+* S0 cross section writes :

(920' kf 5 e W, - !
909w k—ire\q.ez\ 5(Q,w) Atomic form factor

9 S = SO B OB :
S(Q,W) i Z fa,l (Q)fa2 (Q) <67’Q° Chl (O)G_ZQ' a2(t)>€—7/wtdt

aj.,a
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Inelastic X-ray Scattering

Atomic form factor
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Inelastic X-ray Scattering

“ Elastic cross section is proportional to structure factor

2 -

Oo k - N
= F@) =3 fi(@e 47
J

Q1= - 2 ~
T ) F
GQ k@ re ‘6 Gf‘ ‘ (Q)

* For inelastic cross section, one has to consider moving atoms :

— —

Ro(t) = Re + 7o + tg(t)

+* S0 cross section writes :

e LA P olarization factor
IO *-oge |
S(Q,W) o Z fa,l (Q)fa,Q (Q)/ <62Q°Ra1 (0)6_2Q°Ra2 (t)>€—7/CUtdt



Inelastic X-ray Scattering

Polarization factor

# Polarization in the scattering plane : |.€ |2 = cos(26)

+ Polarization perpendicular to the scattering plane : |&.&|° = 1

1 + cos?(20)
2

X g R Y
* Unpolarized beam : |€.€;|" =

L] L] L] Ll Ll Ll
Polirization perpendicular (o scauienny plne

Polarization Factor




Inelastic X-ray Scattering
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Inelastic X-ray Scattering

TGS CEI SIS
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Inelastic X-ray Scattering
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3Q8w:N(v) ’I“g\z. f’2 0(Q —G) Zfa(Q)e e
) GERS a
2
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Inelastic X-ray Scattering
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Inelastic X-ray Scattering

INS IXS

Strong w-Q correlation : No w-Q correlation :
__________________________________ Kinematic limit |~ No kinematic limitation
_______________________ No polarization factor | Polarization factor :|&-6".
_____________________________________ Intensity ~b2 | Intensity~22
________________________ Incoherent Scattering | No incoherent Scattering
____________________________ Bulk measurement | Strong absorption ~ A%Z%
_______________________________ Large beam ~cm ~© Smallbeam ~100 ym

Resolution down to 0.1 meV Resolution ~ 1 meV






